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Abstract
An acyclic edge coloring of a graph is a proper edge coloring such that there are no bichromatic cycles. The acyclic chromatic
index of a graph is the minimum number k such that there is an acyclic edge coloring using k colors and it is denoted by a′(G).
From a result of Burnstein it follows that all subcubic graphs are acyclically edge colorable using five colors. This result is tight
since there are 3-regular graphs which require five colors. In this paper we prove that any non-regular connected graph of maximum
degree 3 is acyclically edge colorable using at most four colors. This result is tight since all edge maximal non-regular connected
graphs of maximum degree 3 require four colors.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
All graphs considered in this paper are finite and simple. A proper edge coloring of G = (V, E) is a map c : E → S
(where S is the set of available colors) with c(e) 6= c( f ) for any adjacent edges e, f . The minimum number of colors
needed to properly color the edges of G is called the chromatic index of G and is denoted by χ ′(G). A proper edge
coloring c is called acyclic if there are no bichromatic cycles in the graph. In other words an edge coloring is acyclic
if the union of any two color classes induces a set of paths (i.e., a linear forest) in G. The acyclic edge chromatic
number (also called the acyclic chromatic index), denoted by a′(G), is the minimum number of colors required to
acyclically edge color G. The concept of acyclic coloring of a graph was introduced by Gru¨nbaum [10]. The acyclic
chromatic index and its vertex analogue can be used to bound other parameters like the oriented chromatic number
and star chromatic number of a graph, both of which have many practical applications, for example, in wavelength
routing in optical networks [4,11]. Let ∆ = ∆(G) denote the maximum degree of a vertex in graph G. By Vizing’s
theorem, we have ∆ ≤ χ ′(G) ≤ ∆ + 1 (see [7] for proof). Since any acyclic edge coloring is also proper, we have
a′(G) ≥ χ ′(G) ≥ ∆.
It has been conjectured by Alon, Sudakov and Zaks [2] that a′(G) ≤ ∆ + 2 for any G. Using probabilistic
arguments, Alon, McDiarmid and Reed [1] proved that a′(G) ≤ 60∆. The best known result up to now for an arbitrary
graph was given by Molloy and Reed [12] who showed that a′(G) ≤ 16∆. Muthu, Narayanan and Subramanian [13]
proved that a′(G) ≤ 4.52∆ for graphs G of girth at least 220. (Girth is the length of a shortest cycle in a graph.)
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Though the best known upper bound for the general case is far from the conjectured∆+2, the conjecture has been
shown to be true for some special classes of graphs. Alon, Sudakov and Zaks [2] proved that there exists a constant k
such that a′(G) ≤ ∆+ 2 for any graph G whose girth is at least k∆ log∆. They also proved that a′(G) ≤ ∆+ 2 for
almost all ∆-regular graphs. This result was improved by Nesˇetrˇil and Wormald [16] who showed that for a random
∆-regular graph, a′(G) ≤ ∆+1. Muthu, Narayanan and Subramanian proved the conjecture for grid-like graphs [14]
and outer planar graphs [15]. In fact they gave a better bound of ∆+ 1 for those classes of graphs.
Determining a′(G) is a hard problem both from a theoretical and from an algorithmic point of view. Even for the
simple and highly structured class of complete graphs, the value of a′(G) is still not determined exactly. It has also
been shown by Alon and Zaks [3] that determining whether a′(G) ≤ 3 is NP-complete for an arbitrary graph G.
The vertex version of this problem has also been extensively studied (see [10,6,5]). A generalization of the acyclic
edge chromatic number is as follows: The r -acyclic edge chromatic number a′r (G) is the minimum number of colors
required to properly color the edges of the graph G such that every cycle C of G has at least min{|C |, r} colors. See [8,
9] for more details.
Our result: Burnstein [6] proved that if∆(G) ≤ 4, G can be acyclically vertex colored using at most five colors, since
the line graph of any graph of maximum degree at most 3 (i.e., a subcubic graph) has maximum degree at most 4.
Since acyclic edge coloring of a graph is nothing but the acyclic vertex coloring of its line graph, it follows that any
subcubic graph can be acyclically edge colored using at most five colors. Skulrattankulchai [17] gave a polynomial
time algorithm for coloring a subcubic graph using ∆+ 2 = 5 colors. Alon, Sudakov and Zaks mentioned in [2] that
they have also found a polynomial time algorithm for the same. In this paper, we prove the following theorem:
Theorem 1. Let G be a non-regular connected graph of maximum degree 3; then a′(G) ≤ 4 (the reader may note
that if ∆(G) < 3, then a′(G) ≤ 3).
Comments:
1. One natural question that may arise is that of whether the result can be extended to all subcubic graphs, i.e., is it
true for all 3-regular graphs also? But this is in general not true since K4 is a 3-regular graph which requires five
colors.
2. Every non-3-regular edge maximal connected graph with maximum degree 3 needs four colors to be properly
acyclically edge colored. This is because, if n is even, then a matching can have at most n/2 edges. Only one color
can take n/2 edges and all other colors can have a maximum of n/2 − 1 edges. Thus three colors can cover a
maximum of n/2+ 2(n/2− 1) = 3n/2− 2 edges. But the edge maximal graph contains 3n/2− 1 edges and thus
needs four colors. If n is odd, then each matching can have maximum (n − 1)/2 edges and all the three colors can
cover at most 3(n − 1)/2 = (3n − 3)/2 edges. But the edge maximal graph can have (3n − 1)/2 edges and thus
needs four colors. Thus our result is tight for all non-3-regular edge maximal connected subcubic graphs.
3. Our proof is constructive and yields an efficient polynomial time algorithm.
Notation. Let G = (V, E) be a simple, finite connected graph. Let x ∈ V . Then NG(x) denotes the neighbours of x
in G and degG(x) denotes the degree of vertex x in G. For an edge e ∈ E , G−e denotes the graph obtained by deletion
of the edge e. For x, y ∈ V , when e = (x, y) = xy, we may use G−{xy} instead of G− e. Let c : E → {1, 2, . . . , k}
be an acyclic edge coloring of G. For an edge e ∈ E , c(e) denotes the color given to e with respect to the coloring c.
For x, y ∈ V , when e = (x, y) = xy we may use c(x, y) instead of c(e).
A (α, β)-bichromatic path with respect to an acyclic edge coloring c of G is a path consisting of edges that are
colored using the colors α and β alternatingly. The following fact is obvious from the definition of acyclic edge
coloring:
Fact 1. Given a pair of colors α and β of an acyclic edge coloring c, there can be at most one maximal (α, β)-
bichromatic path containing a particular vertex v, with respect to c.
2. Proof of Theorem 1
Proof. We prove the theorem by induction on the number of edges. The smallest possible number of edges in a non-
regular connected graph G of maximum degree 3 on n vertices is n − 1. Then clearly G is a tree and is acyclically
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edge colorable using three colors. Now let G be a non-regular connected graph on n vertices and m ≥ n edges with
maximum degree 3. Let the theorem be true for all non-regular connected graphs with maximum degree 3 with at
most m − 1 edges. Without loss of generality we can assume that G is 2-connected, since if there are cut vertices in
G, the acyclic edge coloring of the blocks of G can easily be extended to G. Thus δ(G) ≥ 2. Since G is not 3-regular,
there is a vertex of degree 2. Let it be x .
Let y ∈ NG(x). Let G ′ = G − {xy}. Note that G ′ is connected, since G is 2-connected. If ∆(G ′) < 3, then
a′(G ′) ≤ 3. Otherwise by the induction hypothesis a′(G ′) ≤ 4. Let c : E ′ → {1, 2, 3, 4} be an acyclic edge coloring
of G ′. Let Fy = {c(y, z)|z ∈ NG ′(y)}. Note that 1 ≤ |Fy | ≤ 2, since 2 ≤ degG(y) ≤ 3. Let a′ be the only
neighbour of x , in G ′. Let Sa′ = {c(a′, z)|z ∈ NG ′(a′) − {x}}. Note that |NG ′(y)| ≥ 1 and let a ∈ NG ′(y). Let
Sya = {c(a, z)|z ∈ NG ′(a)− {y}}. Note that 1 ≤ |Sya | ≤ 2, since 2 ≤ degG ′(a) ≤ 3.
A color α is a candidate for an edge e in G with respect to a coloring of G−e if none of the adjacent edges of e are
colored α. A candidate color α is valid for an edge e if assigning the color α to e does not result in any bichromatic
cycle in G.
Our aim now is to extend the acyclic edge coloring c of G ′ to G by giving a color to the edge xy from the available
four colors. Since |Fy ∪ {c(x, a′)}| ≤ 3, there is at least one candidate color for the edge xy.
Case 1: c(x, a′) 6∈ Fy .
Then clearly all the candidate colors are valid for the edge xy, since any cycle involving the edge xy will contain the
edge xa′ as well as an edge incident with y in G ′ and thus the cycle will have at least three colors.
Case 2: c(x, a′) ∈ Fy .
Without loss of generality let a ∈ NG ′(y) be the vertex such that c(x, a′) = c(y, a) = 1. Suppose first |NG ′(y)| = 1.
Then we have three candidate colors {2, 3, 4}. Suppose α ∈ {2, 3, 4} is not valid; what may be the reason? It is
because if we assign color α to the edge xy, a bichromatic cycle is formed. It is easy to check that this has to be a
(1, α) bichromatic cycle. It follows that if α is not valid there exists a (1, α) maximal bichromatic path with x and y
as end vertices in G ′ with respect to the coloring c. Now if a color α is not valid, then it should be in Sa′ to form a
(1, α) maximal bichromatic path. But |Sa′ | ≤ 2 and hence |{2, 3, 4} − Sa′ | ≥ 1. Thus at least one color from {2, 3, 4}
is valid for the edge xy.
Now we can assume |NG ′(y)| = 2. Let NG ′(y) = {a, b}. Without loss of generality let c(y, b) = 2. Now {3, 4} are
candidate colors for the edge xy. If both the colors 3 and 4 are not valid for the edge xy, then there are (1, 3) and (1, 4)
maximal bichromatic paths starting at the vertex y, passing through vertex a and ending at vertex x . Thus Sa′ = {3, 4}
and Sya = {3, 4}.
Now recolor the edge xa′ with color 2. Let the new coloring be called c′. Note that since 2 6∈ Sa′ and a is a pendant
vertex in G ′, coloring c′ is a valid acyclic edge coloring of the graph G ′. Even with respect to the coloring c′, {3, 4} are
candidate colors for the edge xy. If both the colors 3 and 4 remain invalid for the edge xy even now, it means that there
are (2, 3) and (2, 4) maximal bichromatic paths starting at the vertex y, passing through vertex b and ending at the
vertex x . Thus Syb = {3, 4}, where Syb = {c(b, z)|z ∈ NG ′(b) − {y}}. Let P be the above discussed (2, 4)-maximal
bichromatic path with respect to c′. Note that P does not contain a as 2 6∈ Sya .
Now we can exchange the colors of the edges ya and yb to get the coloring c′′. That is, with respect to c′′, we will
have c′′(y, a) = 2, c′′(y, b) = 1 and c′′(e) = c′(e), for all other edges e in G ′. Note that the coloring c′′ is proper
since 1 6∈ Syb and 2 6∈ Sya . Now suppose there is a bichromatic cycle with respect to c′′. Then clearly this bichromatic
cycle should contain both the edges ya and yb as degG ′(y) = 2. Moreover, there has to be an edge colored 2 at vertex
b. Recall that Syb = {3, 4} and thus at vertex b only colors {1, 3, 4} are present. Thus the coloring c′′ is acyclic. What
happens to the path P now? Since c′′(y, b) = 1, the path P , which was bichromatic in coloring c′ has three colors in
the coloring c′′. Let P ′ = P − y. It is easy to verify that P ′ is a (2, 4) maximal bichromatic path which starts from
vertex x and ends at vertex b and does not contain vertex a. We have c′′(y, a) = c′′(x, a′) = 2. By Fact 1 there can
only be at most one (2, 4)-maximal bichromatic path starting from the vertex x . We know P ′ is such a path and it
does not include vertex a. Thus there cannot be a (2, 4) maximal bichromatic path which starts at vertex x and ends at
vertex y, passing through vertex a. Thus color 4 is valid for the edge xy. 
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